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In this paper we address the issue of finding braneworld solutions in a five-dimensional
Horndeski gravity and the mechanism of gravity localization into the brane via “almost
massless modes” for suitable values of the Horndeski parameters. We compute the corrections
to the Newtonian potential and discuss the limit where four-dimensional gravity is recovered.
I. INTRODUCTION
In this paper we will focus on the study of braneworld solutions and localization of four-
dimensional gravity in a Horndeski theory of gravity in five dimensions. This theory follows the
same class of coupled scalar-tensor theories such as the Brans-Dicke theory whose scalar field is
non-minimally coupled to the Einstein-Hilbert term. The main difference here is that the Einstein
tensor couples non-minimally to the derivative squared of a dynamical scalar field. In order to find
such a theory of gravity Horndeski [1] firstly assumed the most general second-order Euler-Lagrange
tensors derivable from a Lagrangian that is concomitant of a pseudo-Riemannian metric-tensor, a
scalar field and their derivatives of arbitrary order in four-dimensional space — although higher
dimensional gravity was also discussed in [1]. The conclusion is that these Euler-Lagrange tensors
may be obtained from a Lagrangian which is at most of second order in the derivatives of the field
functions. Several recent studies in black holes and gravitational waves [2–5] have been considered
in this context which imposes bounds on the parameters of the theory. Since braneworlds can be
understood as an effective low energy theory of superstrings which in turn can enclose the most
general theories of gravity, it seems mandatory to investigate the phenomenon of localization of
four-dimensional gravity in the Horndeski theory. The localization of gravity on a 3-brane [6]
arises in the sense of being an alternative for compactification involving infinite extra dimensions.
In the Randall-Sundrum scenarios [6, 7], 3-branes are embedded into AdS5 bulk space which is an
ambient space developing 5-dimensional gravity with a negative cosmological constant (Λ5 < 0)
and infinitely thin sources of 3-branes composed of delta functions. In this setup there is a perfect
fine-tuning between the brane tension and the cosmological constant Λ5. Thus, the fine adjustment
2leads to a 4d brane in Minkowski (M4) with a cosmological constant of four dimensions Λ4d = 0,
in such a way that only the space AdS5 is curved. In the limit of thick branes their profile are
described by scalar fields, which is the main proposal here. The graviton zero-mode localized into
the 3-brane is responsible for a localized 4d gravity, so that the correction for Newtonian potential
due to Kaluza-Klein gravitons is highly suppressed in the case of low energies. Even in the case
of graviton ‘quasi zero mode’ [8], i.e, the case of massive gravity, the localization of gravity can
still be achieved as metastable localization. In this work we will take an approach with respect
to the [9–11], in order to evaluate how the graviton will be localized in the brane with the use of
Horndeski gravity.
The paper is organized as follows. In Sec. II we present the Horndeski gravity and in Sec. III we
develop the first order formalism in five dimensions. In Sec. IV we present two explicit examples
and in Sec. V we compute numerical solutions. In Sec. VI we address the issue of the graviton
fluctuations and in Sec. VII we compute the corrections to the Newtonian potential. Finally in
Sec. VIII we present our final comments.
II. THE HORNDESKI GRAVITY WITH A SCALAR POTENTIAL
In our present investigation we shall address the study of braneworlds in the framework of the
Horndeski gravity which action with a scalar potential reads
I[gMN , φ] =
∫ √−gdDx [k(R− 2Λ) − 1
2
(αgMN − ηGMN )∇Mφ∇Nφ− V (φ)
]
(1)
The Einstein field equations can still be given in the form
GMN + ΛgMN =
1
2k
TMN (2)
where TMN = αT
(1)
MN − gMNV (φ) + ηT (2)MN with
T
(1)
MN = ∇Mφ∇Nφ− 12gMN∇Pφ∇Pφ
T
(2)
MN =
1
2∇Mφ∇NφR− 2∇Pφ∇(MφRPN) −∇Pφ∇KφRMPNK
− (∇M∇Pφ)(∇N∇Pφ) + (∇M∇Nφ)φ+ 12GMN (∇φ)2
− gMN
[−12(∇P∇Kφ)(∇P∇Kφ) + 12(φ)2 − (∇Pφ∇Kφ)RPK]
(3)
and the scalar field equation is
∇M [(αgMN − ηGMN )∇Nφ] = Vφ (4)
3The metric Ansatz to be studied in five dimensions is of the form
ds2 = gMNdx
MdxN
= e2A(r)gµνdx
µdxν − dr2 (5)
where the latin indices M,N = 0, 1, 2, 3 and 5 run on the bulk and the greek indices µ, ν = 0, 1,
2 and 3 run along the braneworld.
III. EQUATIONS OF MOTION
By considering the metric (5) we have the following Einstein equation components involving
the scalar potential. First, from equation (2) the rr-component is given by
2V (φ) + 4k(Λ + 6A
′2)−Ψ2(r)[α− 18ηA′2] = 0, (6)
where Ψ(r) = φ
′
(r). This equation can be rewritten as follows
Ψ(r) = ±
√
2V (φ) + 4kΛ + 24kA′2(r)
α− 18ηA′2(r) (7)
Now taking the relationship between A(r) and the superpotential W (φ) through the first-order
differential equation
A
′
(r) = −1
3
W (φ) (8)
and redefining 24k ≡ b we can rewrite the equation (7) in the form
Ψ(r) = ±
√
2V (φ) + bΛ6 +
b
9W
2(φ)
(α− 2ηW 2(φ)) (9)
For a potential of the form
V (φ) = − b
18
W 2(φ) +
c2W 2φ(φ)
2
(α− 2ηW 2(φ)) (10)
and taking Λ = 0, for simplicity, we find
Ψ(r) = ±cWφ(φ) (11)
For α = 1, c = 1/2, η = 0 and b = 6 (i.e., 4piG = 1) we find the familiar scalar potential and scalar
field equation of braneworlds in five-dimensional Einstein gravity [10, 11].
4Another equation from the Einstein equations can be found by combining the tt-component
with xx, yy or zz-components to find
2V (φ) + 6ηΨ(r)Ψ
′
(r)A
′
(r) + 4k[Λ + 6A
′2(r) + 3A
′′
(r)] + Ψ2(r)[α+ 6ηA
′2(r) + 3ηA
′′
(r)] = 0 (12)
A third equation describing the scalar field dynamics comes from the equation (4)
Vφ(φ) + 4A
′
φ
′
(r)[−α+ 6ηA′2(r) + 3ηA′′(r)]− (α− 6ηA′2(r))φ′′ = 0 (13)
Using the following relationships φ
′
= cWφ, A
′′
= −cW 2φ/3 we can write these equations as
2cWWφφ + cW
2
φ +
4
3
W 2 − (2α − b/6c)
η
= 0 (14)
This implies that the equations (6), (12) and (13) are consistently satisfied by equation (8) and
(11) under the nontrivial condition (14) on the superpotential W (φ).
IV. EXAMPLES
i) For α = b/12c with c = 1/2η [17], Eq. (14) becomes a homogeneous differential equation that
gives the solution
W (φ) =
(
1
2
)2/3(
−C1 sin
(
φ√
c
)
− C2 cos
(
φ√
c
))2/3
(15)
With this superpotential we can easily solve the first-order differential equations by implementing
a numerical Runge-Kutta method. We come back to this approach shortly. However, by expanding
this superpotential for η ≪ 1 we have
W (φ) = γ + σφ (16)
where the γ = (−C2/2)2/3 and σ = 2C1(−C2/2)2/3/3
√
cC2 are constants. Note that for C2 very
small we can suppress γ. Using φ
′
= cWφ we can write
W (r) = cσ2(r − r0) (17)
where φ = cσr. Thus, we find
A(r) = − σ
2
12η
(r − r0)2 (18)
or for σ2/6η = q and r0 = 0 we can simply write
A(r) = −q
2
r2 (19)
5ii) For β = 2(α − 1)/η with b = 6, c = 1/2, Eq. (14) is not a homogeneous differential equation
but can still be approximately solved by the linear solution
W (φ) = σφ, σ =
√
2β (20)
where σ ≪ 1 for very large η. Thus by using Eqs. (8) and (11) we have
φ(r) =
1
2
σr, A(r) = −q
2
r2 (21)
where q = σ2/6. A(r) is depicted in Fig. 1 for distinct values of η — similar type of geometry
has been already considered in confining AdS/QCD [12]. The scalar solutions discussed in the two
examples above can be understood as very thick ‘kinks’ which have very small slope. We shall show
numerically an evidence that the slope of the kink type solution of the exact differential equations
indeed tends to decrease as η increases.
FIG. 1: The figure shows A(r) for q = σ2/6 and α = 1.5, σ =
√
4(α− 1)/η, η = 10-blue, η = 20-red,
η = 40-green and η = 60-black.
The energy density is given by
ρ(r) = −e2A
(
3αA
′′
2
+ 3A
′2
)
− 9ηe
2A
4
(A
′
A
′′′ − 4A′2A′′ +A′′2) (22)
and for such solutions the energy density is depicted in Fig. 2 for several large values of η.
V. NUMERICAL SOLUTIONS
In the examples above we were able to find explicit solutions in a restrict regime of value of
α and η. However, the pair of first-order equations (8) and (11) can be solved numerically for
6FIG. 2: The energy density ρ(r) for small values of q = σ2/6, α = 1.5, σ =
√
4(α− 1)/η, η = 10-blue,
η = 20-red, η = 40-green and η = 60-black.
a broader range of values as long as we assume appropriate boundary conditions. In Fig. 3 we
show the behavior of the kink profile and geometry associated with the braneworld solutions for
β = 2 and 5 for c = 1/2, which means 2(α − 1)/η=2 and 5, respectively, that for α = 3/2 we
have η = 0.5 (red curve) and η = 0.2 (blue curve). This is the regime of small η, which was not
addressed previously in the non-homogeneous limit of Eq. (14). The warp factor signalizes the
existence of an asymmetric brane, which in general is not able to localize graviton zero mode, but
at least one may find metastable gravity. Lower values of η < 1 seems to force brane asymmetry.
The boundary conditions used was the following: W (0) = 1, W ′(0) = 1, φ(0) = 0 and A(0) = 0.
VI. EQUATION FOR FLUCTUATIONS
Let us now compute the linearization of the Einstein equations by considering the following
perturbations g¯MN = gMN + hMN and φ¯ = φ+ φ˜ in the axial gauge hM5 = 0, where M is a bulk
index. Thus, the fluctuation in the metric (5) can be written in the form
ds2 = e2A(r)(gµν + hµν)dx
µdxν − dr2 (23)
Now, performing the following first-order perturbations
δ(1)gµν = hµν , δ
(1)φ = φ˜, (24)
7FIG. 3: The figure shows the kinks φ(r) (top-left) and A(r) (top-right) for β = 2 (red) and β = 5 (blue)
for c = 1/2. In the bottom we show the warp factor exp (2A(r)) signalizing the existence of an asymmetric
brane.
into the Einstein equations in the Ricci form [11, 13] the linearized equations for the graviton sector
become
δ(1)Rµν =
δ(1)T¯µν
k
(25)
where
δ(1)Rµν = e
2A
[
1
2
(∂2r + 4A
′
∂r − e−2A✷)hµν + (4A′2 +A′′)hµν
]
(26)
− g
γβ
2
(∂µ∂νhγβ − ∂µ∂γhνβ − ∂ν∂γhµβ) +
gµνe
2AA
′
∂r(g
βγhγβ)
2
, (27)
and
δ(1)T¯µν = −e
2A
3
(
∂V (φ)
∂φ
φ˜ gµν + V (φ)hµν
)
+
3ηe2A
4
(8A
′′
A
′2 +A
′′2 +A
′
A
′′′
)hµν (28)
8Then the hµν components in both sides of equation (25) can be combined together by using the
definition of the scalar potential (10) with the relations between φ
′
(r) and A(r) through Eqs. (8)
and (11). This enables to write the equation
−4
3
V (φ) = 4A
′2 + αA
′′
+ 18ηA
′′
A
′2 (29)
Finally we use the transverse traceless components of hµν , defined by the non-local projection:
h¯µν =
(
1
2
(piµγpiνβ + piµβpiνγ)−
piµνpiγβ
3
)
hβγ = hµν + ... (30)
where piµν ≡ (gµν−∂µ∂ν/✷). The · · · indicate nonlocal terms. For h¯µν satisfying ∂ν h¯µν = gµν h¯µν =
0, we can write the following equation for the graviton fluctuations
h¯
′′
µν + 4A
′h¯
′
µν − e−2A✷4dh¯µν + 2A
′′
(1− α)h¯µν − 6η(14A′′A′2 +A′′2 +A′A′′′)h¯µν = 0 (31)
We now considering the use of the Ansatz h¯µν = h(r)Mµν(x
µ), we separate Eq. (31) into two
equations that describe the graviton. i.e., 4dMµν = m
2Mµν and another one whose masses and
eigenfunctions are governed by a Schroedinger type equation that appears through the following
change of variables: h(r) = e3A(z)/2ψ(z), z(r) =
∫
e−A(r)dr (where we have taken the relationship
dz = e−A(r)dr). The Schroedinger type equation is then given by
−∂2zψ(z) + V (z)ψ(z) = m2ψ(z) (32)
with a potential of the form
V (z) =
9
4
A
′2(z) +
3
2
A
′′
(z) + 2A
′′
(1− α)− 6η(14A′′A′2 +A′′2 +A′A′′′) (33)
This is an unusual potential as compared with those in the literature [8–11]. However, one can
easily recover the usual case as α = 1 and η = 0, otherwise we have the potential derived from
Horndeski gravity. To solve the equation (32) let us first recall the above transformation of variables
between r and z by using z(r) =
∫
e−A(r)dr such that we have
z(r) =
√
pi
2q
erf
(√
q
2
r
)
=
2√
2q
∞∑
k=0
(−1)k
(√
q
2r
)2k+1
k!(2k + 1)
(34)
whose first terms are
z(r) =
2√
2q

√q
2
r −
(
√
q
2r)
3
3
+
(
√
q
2r)r
5
10
+ ...

 (35)
9Now recalling that for η ≫ 1 implies q ≪ 1, for the second example above, then taking the leading
term for this approximation we find z = r, which allows us to write
A(z) = −q
2
z2 (36)
Using this geometry the potential (33) can be written as follows
V (z) = 84q3ηz2 +
9
4
q2z2 + q
(
2α− 6ηq − 7
2
)
(37)
FIG. 4: The potential V (z) in equation (38) for small values of q = σ2/6 due to the geometry given with
the values of σ =
√
4(α− 1)/η, α = 1/4, η = 10-blue, η = 20-red, η = 40-green and η = 60-black.
As η is sufficiently large, q is tiny enough and assuming α = 1/4, thus only the squared term in
q2z2 becomes dominant and we can approximate the potential (37) as follows
V (z) =M2z2, M ≡ 9q
2
4
(38)
such a way we can now rewrite the equation (32) in the form
−∂2zψ(z) +M2z2ψ(z) = Eψ(z) (39)
Note that this equation is a Schroedinger-like problem for a quantum harmonic oscillator whose
solution is well-known in the quantum mechanics literature. The equation (39) can be written as
an eigenvalue equation, i.e., Hψ = Eψ with the Hamiltonian
H = −∂2z +M2z2 (40)
We can define the following “annihilation” and “creation” operators written as follows
Q =
1√
M
(−∂z −Mz) and Q+ = 1√
M
(∂z −Mz) (41)
10
which implies in a Hamiltonian written in terms of such operators in the form
H =M(N + 1) (42)
where N = Q+Q. Note that the energies for this “oscillator” are of the form E =M(n+1) which
implies m2n =M(n+ 1). Thus, the graviton spectrum reads
m2n =M(n+ 1) (43)
For AdS/QCD theories that follows a similar linear glueball spectrum see, e.g. [14, 15]. For n = 0
we have that m20 = M . In the limit of large η one achieves m
2
0 → 0 that plays the role of a
“quasi-zero mode” which is responsible for the 4d gravity on the brane. Let us now evaluate the
wave-function of the quasi-zero mode through the equation Qψ0(z) = 0 which implies
ψ0(z) = Ce
−Mz2
2 (44)
The eigenfunctions of the tower of higher massive modes are given by the solutions of equation
FIG. 5: The wave-function ψ0(z) for values of q = σ
2/6, α = 1/4, σ =
√
4(α− 1)/η, η = 10-blue, η = 20-red,
η = 40-green and η = 60-black.
(39) which read
ψn(z) =
C√
2nn!
H¯n(Mz)e
−Mz2
2 (45)
where the functions H¯n(Mz) are the well-known Hermite polynomials and C =
(
M
pi
)1/4
.
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FIG. 6: The wavefunctions ψn(z) for values of q = σ
2/6 due to the geometry given with the values of
σ =
√
4(α− 1)/η, α = 1/4, n = 0/η = 10-blue, n = 1/η = 20-red, n = 2/η = 40-green and n = 3/η = 60-
black.
VII. CORRECTION TO NEWTONIAN POTENTIAL
The effective Newtonian potential in braneworlds scenarios can be found as in the form [10]
V (r) = ψ20(0)
e−m0r
r
+
∑
n
ψ2n(0)
e−mnr
r
(46)
Notice that the Hermite polynomials at z = 0 contribute to the potential only for even modes, that
means
ψ20(0) = C
2, (47)
ψ2n(0) =
C2H¯2n(0)
2nn!
=
pi2nC2
Γ
(
1−n
2
)2
Γ(n+ 1)
(48)
As η is very large q → 0 the graviton mass spectrum approaches a continuum and we can substitute
the sum for an integral. Thus, we can write [16]
V (r) ≈ C2 e
−
√
Mr
r
+
C2
r
∫
pi2n
Γ
(
1−n
2
)2
Γ(n+ 1)
e−
√
M(n+1)rdn (49)
≈ 1
r
√
M
pi
(
e−
√
Mr + pi
∫
2n
Γ
(
1−n
2
)2
Γ(n+ 1)
e−
√
M(n+1)rdn
)
(50)
Let us now make a change of variables as in the form x =M(n + 1) to which we have
V (r) ≈ 1
r
√
M
pi
(
e−
√
Mr +
pi
2M
∫
2
x
M
Γ
(
1− x2M
)2
Γ
(
x
M
)e−x1/2rdx
)
(51)
12
In the limit of highly excited modes, that is x/M →∞, the arguments of the Γ functions become
large and we can use the following approximation
2
x
M
Γ
(
1− x2M
)2
Γ
(
x
M
) ≈ 2
√
2
pi3/2
√
M
√
x
(
1− cos2 (pi2 (n+ 1)))−1 (52)
As we have previously mentioned (and also easily checked from Fig. 6) the Hermite polynomials
at z = 0 do not contribute to the potential for odd modes since H¯2n+1(0) = 0, thus the cosine
vanishes because its argument is odd multiples of pi/2 for any even number n. As such, we can
write
V (r) ≈ 1
r
√
M
pi
(
e−
√
Mr +
√
2√
piM
∫ ∞
1/r2c
1√
x
e−x
1/2rdx
)
(53)
where rc is a crossover scale at large energies. We can now perform the integral in the second term
to find
V (r) ≈ 1
r
√
M
pi
(
e−
√
Mr +
2
√
2√
piM
e−
r
rc
r
)
(54)
The result of the integral when calculated is real for the condition ℜ[r
√
M > 0] or ℜ(r) > 0.
Recalling that M is very small, the exponential can still be approximated to unity. Thus, as
r ≪ rc we obtain the final form of the corrected Newtonian potential as follows
V (r) ≈
√
M
pi
(
1
r
+
2
√
2
r2
√
piM
)
(55)
However, for r≫ rc one can recover the four-dimensional gravity. In addition, the computation of
the weakly excited modes has shown to be able to correct the potential with an extra term that
goes with 1/r5, which is easily suppressed at large distances in comparison with the 1/r term, but
strongly dominant at small distances.
VIII. CONCLUSIONS
In this paper we have addressed the problem of localizing gravity in braneworlds solutions
found in Horndeski gravity. We found numerical solutions and approximated explicit solutions.
The parameter that deviates such theory of gravity in relation to Einstein gravity controls the
localization of four-dimensional gravity in a non-trivial way as can be easily checked directly in the
induced Newtonian potential. Interestingly for sufficiently large η the four-dimensional gravity is
safely localized on the brane. This is also the regime where one can easily find explicit braneworlds
solutions. It was in this regime that we restricted ourselves to the analysis of the Newtonian
potential. Further studies for arbitrary values of η should be addressed elsewhere.
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